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Abstract

The problem of determining turning points of median lines between states separated by sea is
considered. The turning point is defined as the point with equidistance lines to two basepoints
along the shoreline of one state and one basepoint in the adjacent state. For the sphere the
equidistance lines are parts of great circles, and the problem is solved by closed formulas. For the

ellipsoid the lines are defined along geodesics, and an iterative solution is presented.

1 Introduction

The median lines a lineevery point of which is equidistant from nearest points on the baselines

of two stateqIHB, 1993). This line is crucial for the maritime delimitation between opposite
coasts of two states separated by sea. In general, the median line runs smoothly as the “straight
line” equidistant between two distinblaselineseach belonging to one of the states. However,
whenever points belonging to another baseline along one coastline get closer to the median line
than points on the previous baseline, the median line turns. As suggested by Carrera (1987) the
median line turning point can be defined bytraee-point methodi.e. the turning point is the

point equidistant to three baseline points (belonging to different baselines). If the scale of the
baselines (between definbdsepoints)s small compared to the scale of the coastline separation,
the points along baselines can be approximated by the discrete basepoints. This approximation
will be used here to determine median line turning points. This problem was also treated by
Carrera (1987), Horemuz (1999), Horemuz et al.(1999) and Fan (2001). Carrera(1987) solved the
problem by classical formulas for solving the geodetic direct and indirect problems for geodesics

on the ellipsoid. Horemuz (1999) and Horemuz et al. (1999) solved the problem explicitly by



rectangular co-ordinates for the spherical surface of reference, while an approximate method was

used for the ellipsoidal surface of reference.

In this paper the three-point turning point problem is solved explicitly for the sphere by spherical
co-ordinates. For an ellipsoidal surface of reference the problem is formulated by integral

equations along geodesics.

2 Solutions for the sphere
Proposition:Given the pointsP (¢; ,A;) with latitudes¢, and longitudes\, ; i = 1,2,3, the three-
point problem has the solutions

Case (¢, # p,andd, # )

tan\ = S,, cosh, co.ﬁ ,— S cas, cast+ .S aps isg; (1a)
=-S,; cosp, si\,+ $, cop, sk,— S cos, 3in
and
tang = CoSp, COA, — cof, cdSAll (1b)
S,
where
S, =sind, —sinp, ;i,j=1,2,3 and AA =A-A ;i=1.2,
Case (¢, =¢,#¢,):
tan = COSA, CO%, — COA, cdjs, (2a)

SiNA; cosp, — Sik; co$,

and



COSp, COM, — CO$, CASA,

t =
and S,

(2b)

Case (¢, =¢,% d,):

tan = 0937\1 co®p, - CQEZ cas, (3a)
SinA, cosp, — Sir\; cog,

and

_ Cosp, COsM ,;— cop, CaS\,

3b
s. (3b)

tang

Proof: The point P(¢,A) is defined by equal geocentric angels to the known poRifg,; A, ); i

=1,2,3. From the spherical cosine theorem one obtains the following relation betyyesmd the
spherical co-ordinates of the points P and P
cosy, = sinp sip, + cop cas cagd, ; i1=1,2,3. 4

As P(¢ ) is defined byy, =y, =y, it follows that

sind sinp, + co®$ cod, cas,= sin gip+ aps ¢os ABAs=

o 5)
=sin¢ sinp, + cosh co, CaAS\,

or

tand sind, + co®, COBA,= tah s+ cds ds,=

_ . (6)
=tan¢ sing, + co®, COABA,

The first equation of formula (5) (including pointg &nd B) can be rewritten:
tand ( sin, — sinp,) = cop, caB\,- cds chi, (7a)

Same treatment of the second equation of formula (5) yields:

tand ( sing, - sinp,) = co$, caBA,— cds CchE, (7b)



Let us now consider the different cases of the proposition.

Case | (¢, # ¢, andd, # ¢ ) : In this cased is eliminated by dividing each member of Eq. (7a) by

(7b). Theresultis

S, _sing,—sinp, _ co$, coSA,— cds, cOA, (8)
S; sing,-sinp, co$, CoSA,~ cds, CcOA,

Inserting into (8)
COSAA, = co3\ COB, + sSih sk 9)

one easily arrives at the solution (1a) for and (1b) is directly obtained from Eq.(7a).

Caselll (¢1 =¢, % ¢2): Formula (9) inserted into Eq.(7b) with $0 yields

cosp,(cod cok,+ sih sik,)= cdgs( s ags  Xksin Min
which can be rewritten on the form
tanA (sim, co$,— sik, cap)= cds ops- @os ¢os

The last equation equals (2a). Moreover, the solution (2b) follows directly from Eq. (7a).

Case lll (¢, =¢, #¢,): Formula (9) inserted into Eq. (7a) with S 0 yields
cosp, (co cos,+ sk sk, 5 cos (cbs @qs sin Xsin )
which can be rewritten on the form (3a). The solution (3b) follows directly from (7b).

Q.E.D.



The solution for Case | was also derived by Fan (2001).

Corollary: The azimutha; at pointP (¢, ,A; ) along the great circle toward3(¢ A) is given by

sin(A-A,)
cosp, tanp - simp, cob\ -\, )

tana, =

1 i=1,2,3 (10)

The proof is given e.g. in Sjoberg (2001).

3 Solution for the ellipsoid
In the case of an ellipsoidal surface of reference it is convenient to introduce the reduced latitude

B related by the geodetic latitudie by the relation
tanB=+/1- € tap
Jai- i

a

wheree=

is the first excentricity of the ellipsoid defined by the semi-major and -minor
axes a and b. The distance)(and the ellipsoidal longitude differenceil(;) from the point

P (B, L, ) to the wanted turning poinP(B, L) along the geodesic are given by

s =[r(.n) =B .0)- K8 1 (122

BI

and
B
AL =L-L, =[g(Bh )dB=G(B.,h)-G(g .h) (13a)
B;

where



1- € codp

f (B, hl) =a m COSﬁ (12b)
and
. h |1-€ cosp
91((3,h)—icoSB c03p- (13b)
Here h, = cog3,.,, wheref, .., is the maximum (or minimum) latitude of the geodesic.

Alternatively, using the variable substitutions

sinv= ?niz (14a)

and

sinw=

tanp (14b)
1-h?

the integrals (12a) and (13a) can also be written (Klotz 1991 and 1993; Schmidt 1999 and 2000):

s= [ (v.h)dv= E(v.h)- E(v.H (15a)

and
AL = [g' (w,h)dw= G (w,h)- G( w.h) (16a)

where

£'(v.h)=a1- é{ +(+ ) sih (15b)

and
g (w,h)= i\/l- il (16b)

h? +(1-1¥) sirf w

The three-point problem can now be defined by the equations



S=S =5 (17a)

and

L=L,+A =L ,+A ,=L ,+A |, (17b)
where sand AL, are given by Eqgs. (12a) and (13a) or by Eqgs.(15a) and (16a). The longitude L
can be eliminated from (17b), yielding four independent equations with four unknofvnls;

h, hg). The system of equations can thus be written

SS=S
L,+AL, =L ,+A,
L,+AL, =L ;+A
Inserting formulas (12a) and (13a) and linearizing, one obtains the matrix equation
AX =Y (19a)
where
X" =(AB,Ah,,Ah, A

YT ={(s))-(s) {8)-(9) L-( L)~ Lr( L) L(L)-L+(L)}
Here the bracket () denotes an approximation to the quantity within the bracket, determined by
B°and h’. The vector of unknownX contains improvements to the approximate valggsh?,
hJ andh?. The elements of the (4x4) design matiare presented in the Appendix. In order to

determine the elements &f and A the integrals (12a) and (13a) or (15a) and (16a) must be
employed, e.g. by series expansions or direct numerical integrations (Klotz 1991 and 1993,
Schmidt 1999 and 2000). Starting values f3r, v° and h? are preferably given by the spherical

solutions of Section 2. As the equations are linearized, the solution should be iterated.



4 Concluding remarks

The solution of the position of a median line turning point from the three-point problem was
derived explicitly for the sphere and as an iterative vector solution for the ellipsoid. Numerical
examples are left for a forthcoming paper.

A future challenge is to avoid the approximation by the three-point problem and to determine the

position of the turning point directly from all points along the baselines.
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Appendix

The elements of the design matixare as follows:

_Jos )"t 0 __ar f(whi)
A=) Lo, (B E) 0P () eos v

__Jos,)__-ap tf(whi)
o

Ay =Ay,
A, =0

Jas,)_ -ty v (v.h3)
et
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JoaL,) % ag e g (v.r)
Asz_j oh, j_afa_hl B_l—(hf)zv[ g v
_JoaL, ) ne g (v
Pss jahz j_ 1 (hg)zvj coévdv
A, =0
AM:jaaAhLlj_jaAngz hfo 2]9 (v. 1) hgo va g (v.18)
) ) oh, ) 1 (hl) - cos v 1_(h3) co$ v
A42=A32
Ap=0
_JoaL,)_ hY g (v.H)
oo
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