Annex A
1. Introduction
1.1 ISO 19125-1:2004 geometric operator relationships

In ISO 19125-1:2004 (see Reference [1]), the dimensionally extended nine-intersection model (DE-9IM) defines 5 mutually exclusive geometric relationships between two objects (polygons, lines and/or points). One and only one relationship will be true for any two given objects (see Reference [2]):

1. WITHIN 

2. CROSSES
3. TOUCHES
4. DISJOINT
5. OVERLAPS
There are others that help further define the relationship:

1. CONTAINS 

· the reciprocal of WITHIN
· Within is the primary operator; however, if a is not within b then a may contain b so CONTAINS may be the unique relationship between the objects.

2. EQUAL 

· a special case of WITHIN / CONTAINS.

3. INTERSECTS 

· reciprocal of DISJOINT
· have at least one point in common

4. COVERS and is COVERED_BY
· reciprocal operators

· extends CONTAINS and WITHIN respectively

5. COINCIDENT
Note that COVERS, COVERED_BY and COINCIDENT relational operators are not described in the ISO 19125-1:2004 document.
The formulas given in this annex (e.g. a.Disjoint(b) a b = ) are the generalized ones given for ISO 19125-1, not the more specific DE-9IM formulas (i.e. DE-9IM predicates). The generalized formulas use topologically closed notation (i.e. geometry includes the interior and boundary unless otherwise stated), whereas the DE-91M formulas refer to the interior and boundary of geometry separately. Note that different versions of documents describing 19125-1 give different generalized formulas – this annex is using the formulas that are the most consistent with the DE-9IM predicates. If a generalized formula appears to contradict a DE-9IM predicate as defined in ISO 19125-1:2004, the DE-9IM predicate takes precedence. Software is expected to be consistent with DE-9IM predicates.

1.2 Definition of symbols used in ISO 19125-1:2004
I     = interior

E   = exterior

B   = boundary

∩   = intersection

U  = union

∧   = AND

=R
≠   = not equal

 null set

a = first geometry, which includes interior and boundary (the topological definition)

b = second geometry, which includes interior and boundary (the topological definition)

dim = dimension – 2 for polygons (2D), 1 for lines (1D) and 0 for points (0D)

Dim(x) returns the maximum dimension (-1, 0, 1, or 2) of the geometric objects in x, with a numeric value of -1 corresponding to dim ().

Note:

· Interior and exterior do not include boundary (i.e. I, E and B are mutually exclusive).

· The boundary of a polygon includes its outer and inner rings.

· The boundary of a line is its end points except for a closed line, which has no boundary; the rest of the line is its interior.

· A point does not have a boundary.

1.3 How the relations apply to S-57 Features

Geometric relationships will be tested on an entire S-57 feature object as a single geometric entity (point, line or area/polygon).  
A line feature in S-57 may be made up of several individual edges.  The geometric relationship operators used with a line feature will consider the sequence of edges as a single geometry where the boundary consists of 0 or 2 end points and the interior is the rest of the line between the end points including all the edges/vertexes/nodes. 
A test on an area feature will operate on the entire polygon where the boundary is the outer ring and inner rings and the interior is the space inside of the boundary. 
In an S-57 file a line or area feature may be split into pieces as a result of a cutting operation from a data source. In that case each feature record in the dataset is treated as a separate line or polygon when testing geometric relationships.

If a test intends to operate only on a feature’s specific components – polygon boundary (all rings), polygon outer ring, polygon inner rings, edges, vertexes or nodes then it must make this explicit in the description of the test.  When a specific linear portion is specified in a test (polygon boundary, edge ) then it is treated as a line while individual vertexes or points will be treated as points.
For example a test to look for cases where object class A OVERLAPS object class B would operate on the entire geometry.  While a test to see if boundary of area object class A OVERLAPS an edge of line class B will be comparing area boundaries to edges using line to line comparisons.
2. Geometric Operator Definitions
The ISO 19125-1 definitions referenced in this section, refer to section 6.1.14.3 entitled “Named spatial relationship predicates based on the DE-9IM” in the ISO 19125-1:2004 document.

(In the diagrams within this annex LineString corresponds to the S-57 Line geometric primitive)
EQUALS – Geometric object a is exactly equal to geometric object b.

The two geometric objects are the same. This is a special case of WITHIN.
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Examples of the EQUALS relationship
DISJOINT –  Geometric object a and geometric object b do not intersect.

The two geometric objects have no common points.

The ISO 19125-1 definition of disjoint is:

a.Disjoint(b) a b = 

This translates to: a is disjoint from b if a intersected with b is the null set.
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Examples of the DISJOINT relationship
TOUCHES – Geometric object a intersects with geometric object b but they do not share interior points.

Only the boundary of one geometry intersects with the boundary or interior of another geometry.
The only thing the geometric objects have in common is contained in the union of their boundaries.
The ISO 19125-1 definition of touches is:

a.Touch(b) (I(a)I(b) = ) (a b) 

This translates to: a touches b if the interior of a does not intersect with the interior of b AND a intersected with b is not the null set.

Note: This operator does not apply to a point vs. a point since points do not have a boundary.
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Examples of the TOUCHES relationship.

Note the polygon touches polygon example (a) is also a case where the polygon boundaries are COINCIDENT.  In the Polygon/LineString example two of the LineStrings that share a linear portion of the polygon boundary are also COINCIDENT with the polygon boundary.
WITHIN – Geometric object a is completely contained in geometric object b.

WITHIN includes EQUALS.

The ISO 19125-1 definition of within is:

a.Within(b) ⇔ (a ∩ b = a) ∧ (I(a) ∩ I(b) ≠ )

This translates to: a is within b if a intersected with b equals a AND the interior of a intersected with the interior of b is not the null set.

Note that this formula matches the one given in the OpenGIS Simple Features Specification for SQL, Revision 1.1 (OpenGIS Project Document 99-049, Release Date: May 5, 1999) which is the precursor to ISO 19125-1.
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                                                            e)

Examples of the WITHIN relationship — Polygon/Polygon (a), Polygon/LineString (b), LineString/LineString (c), Polygon/Point (d), and LineString/Point (e)
Note that a line that completely falls on a polygon boundary is not WITHIN the polygon, it TOUCHES it. In that case it would also be COINCIDENT with the polygon boundary and COVERED_BY the polygon.
OVERLAPS - The intersection of two geometric objects with the same dimension results in an object of the same dimension but is different from both of them.

For two polygons or two lines, part of each geometry, but not all, is shared with the other.

Note that this doesn’t include lines that cross.

The ISO 19125-1 definition of overlaps is:

a.Overlaps(b) (dim(I(a)) = dim(I(b)) = dim(I(a) I(b))) (a b a) (a b b)

This translates to: a overlaps b if the dimension of:

(1) the interior of a
(2) interior of b
(3) the intersection of the interiors of a and b
are all equal AND the intersection of a and b doesn’t equal a or b.
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                                              Examples of the OVERLAPS relationship

Note lines that OVERLAP are also COINCIDENT.
CROSSES – The intersection of geometric object a and geometric object b returns geometry with a dimension less than the largest dimension between a and b but is not the same as geometric object a or b.

Two lines cross each other if they meet on an interior point. A line crosses a polygon if the line is partly inside the polygon and partly outside.
The ISO 19125-1 definition of crosses is:

a.Cross(b)  (I(a) I(b) )  (dim(I(a) I(b)) < max(dim(I(a)), dim(I(b)))) (a b a ) (a b b)

This translates to: a crosses b if the interiors of a and b intersect AND the result of the intersection of a and b’s interiors has a dimension that is less than the largest dimension between a and b’s interiors AND the intersection of a and b doesn’t equal a or b. 
Note that “(I(a) I(b) ) “ was added to the beginning of this formula so that it would not be true for disjoint geometry. 
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                                                                                     c) 

                                                      Examples of the CROSSES relationship

Note that example c) shows one solid line and one dashed line – their interiors intersect. If any line were split into two separate line features at the intersection point then the relationship would be TOUCHES because a boundary would be involved.
INTERSECTS
INTERSECTS is the reciprocal of DISJOINT.
The two geometric objects cross, overlap or touch, or one is within (or is contained by) the other. They have at least one common point.
CONTAINS
CONTAINS is the reciprocal of WITHIN.

Given two geometric objects, a and b, if a is within b then b must contain a.
COVERED_BY (not a standard ISO 19125-1 operator)

No point of geometry a is outside geometry b.

In ISO 19125-1 terms the definition of covered by is:

a.CoveredBy(b) ⇔ (a ∩ b = a)

This translates to: a is covered by b if a intersected with b equals a.

The following expressions are equivalent to a is COVERED_BY b:

1. Polygon (a) is COVERED_BY polygon (b): Polygon a is WITHIN a polygon b (WITHIN includes EQUALS)

2. Point (a) is COVERED_BY polygon (b): Point a is WITHIN or TOUCHES polygon b
3. Line (a) is COVERED_BY polygon (b): Line a is WITHIN polygon b or WITHIN the boundary of polygon b
4. Line (a) is COVERED_BY line (b): Line a is WITHIN line b (WITHIN includes EQUALS)

5. Point (a) is COVERED_BY line (b): Point a is WITHIN or TOUCHES line b
Note that the figure below on the left is an example of Lines that are COVERED_BY a polygon.

The figure on the right is NOT an example of a line that is covered by a polygon – it is an example of a line that TOUCHES a polygon. In both cases the lines are COINCIDENT with the polygon boundary.
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COVERS (not a standard ISO 19125-1 operator)

COVERS is the reciprocal of COVERED_BY.

Given two geometric objects, a and b, if a is covered by b then b must cover a.

COINCIDENT (not an ISO 19125-1 operator)

Two geometric lines OVERLAP or one geometric line is WITHIN the other. Note that EQUAL lines are also COINCIDENT by this definition.
The intersection of two geometric lines results in one or more lines.

This operator is only to be used to compare a line with another line. Note that normally the boundary of a polygon is not the same as a line but for this operation the boundary of a polygon, exterior and interior rings, is treated as lines for the COINCIDENT test.
The following expressions are equivalent to a is COINCIDENT with b:

1. Polygon (a) is COINCIDENT with polygon (b): Polygon a boundary OVERLAPS or is WITHIN polygon b boundary.

2. Line (a) is COINCIDENT WITH polygon (b)   : Line a OVERLAPS or is WITHIN a boundary of polygon b.

3. Line (a) is COINCIDENT WITH line (b)      : Line a OVERLAPS or is WITHIN line b
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The case above is an example of two COINCIDENT geometric lines.  
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Above are other examples of objects COINCIDENT with the boundary of a polygon. LineStrings following a portion of a polygon boundary or polygons sharing a boundary portion and polygons sharing a common boundary portion.
Note that by definition a line can be COINCIDENT with an interior boundary of a polygon.
Note that other relationships may also be true such as COVERED_BY or TOUCHES since COINCIDENT is not mutually exclusive.
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